
Tamar Faran (Princeton U), Andrei Gruzinov (NYU) & Re’em Sari (Hebrew U)

Ultra-Relativistic Pistons
a new type of self-similarity



Self-Similar solutions

PDE ODEvariable transformation

In the absence of `special’ dimensional scales:

fluid equations

(r, t)

Benefits: mathematical simplicity, sometimes analytical, simple asymptotic behaviour

self-similar

ξ
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Strong explosion problem

ρ0 ∝ r−k

Γ2
sh(t) ∝ t−m(k)

P, γ, ρ

(UR)

Rsh ∼ t

(In plane-parallel geometry)

χ =
Δrsh

Rsh/Γ2
sh

, m(k) = ?

Similarity 
exponent

Similarity 
variable
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non-trivial type III
Hot & accelerating UR gas

ρ0 ∝ r−k

Thermal Bulk 
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Asymptotic solution — far behind the shock

Q, α, β(m, k)

p ∝ t−
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diverging energy

x = t − r0

γ 2= Q t/x
Expansion into vacuum


   , p(0) → 0 γ2(0) → ∞

What kind of shocks are driven by expansion into vacuum?
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The gap is closed

k

−m

7/4 2

type I type II

k −
1

−(3 − 2 3)k

4
3(k − 1) − 3k

type III


Γ2
sh(t) ∝ t−m

ρ0 ∝ r−k



Summary

Type I
Dimensional considerations

Type II

Eigenvalue problem 
within self-similar 

domain

Type III

Self-similar exponents 
determined by  

non self-similar flow

( I )

( II ) New universal exponents for expansion into vacuum

Pmax ∝ t−1 γ2(xmax) ∝ t3/4xmax ∝ t1/4

107 1010 1013

0.5

0.6

0.7

0.8

0.9

1.0

x

P
/P
m
ax

Refined classification:


